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Viscosupplementation is an intra-articular symptomatic treatment of mild osteoar-
thritis in synovial joints. It normally consists of single or repeated injections of hyaluro-
nan-based fluids, aimed to restore desirable viscoelastic behavior of the synovial fluid 
and thus recreate the intra-articular joint homeostasis.  Recently, a novel viscosupple-
ment based on amidated carboxymethylcellulose has been developed by blending the 
soluble polymer (CMCAp) with its crosslinked derivative (CMCAg) in appropriate pro-
portions and concentrations in order to ensure an optimal combination of flow behavior 
and viscoelastic properties. The present work is concerned with the rheological monitor-
ing of the crosslinking reaction performed at 25 °C by starting from aqueous CMCAp 
solutions in order to describe the time evolution of the linear viscoelastic moduli occur-
ring along the whole gelation process and to individuate how the polymer concentration 
affects the mechanical response at the sol-gel transition and the fractal dimension of the 
incipient polymeric network.
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Introduction
Hydrogels are hydrophilic three-dimensional 
polymer networks that, in spite of the large amount 
of water entrapped, display mechanical responses 
that are, in a certain sense, intermediate between 
those of liquids and solids. Up to now, numerous 
hydrogels, often obtained from biopolymers and 
their derivatives, have been proposed and used in 
the biomedical field in virtue of their appropriate 
consistency and biocompatibility1–8. Indeed, the rhe-
ological properties of the hydrogel-based devices 
must match the requirements of the various applica-
tions, such as scaffolds for tissue engineering, drug 
delivery systems, cell encapsulation devices and in-
jectable formulations. In the last case both sufficient 
flowability and proper rheological properties after 
syringe application must be ensured, in particular 
fast and substantial structural recovery after shear-
ing, leading to adequate viscoelastic moduli at body 
temperature9–14.
Thermoreversible hydrogels can intrinsically 
ensure these requirements in virtue of the sol-gel 
transition promoted by heating15–19. Poloxamers and 
other triblock copolymers are low viscosity Newto-
nian liquids at ambient temperature, whereas at suf-
ficiently high polymer concentration they can dis-
play a gel behavior and high viscoelastic moduli 
around physiological temperature. Their sol-gel 
transition is due to micelle formation and higher or-
der structural organization as micellar cubic gel.
Injectable polymer hydrogels can be also ob-
tained through an adequate degree of chemical 
crosslinking, apt to ensure proper flowability and 
viscoelasticity of the system that can then be used 
as such, or to be employed in the preparation of a 
polymeric blend. Chemical crosslinking can be a 
useful approach to overcome some limitations of 
biomaterials, in particular to provide higher me-
chanical properties and better stability, under the 
condition that it does not lead to undesirable effects 
in terms of degradability and cytotoxicity20–22.
This strategy has been adopted also to prepare 
some supplementation fluids, which are mixtures of 
linear chain and chemically cross-linked hyaluronic 
acid (HA), to overcome common treatment issues 
such as injectability, compromise between gel and 
liquid behaviour, and prolonging treatment ef-
fect23,24. Viscosupplementation is an intra-articular 
symptomatic treatment of mild osteoarthritis (OA) 
that mainly affects the weight-bearing chondro-sy-
novial joints such as knee, hip and the upper ex-
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tremities25–29. Joint performances are closely con-
nected with the viscoelastic properties of synovial 
fluid, which determines the load transmission and 
distribution, providing for both lubrication and pro-
tection of joint cartilage and soft surfaces against 
compressive damage. Among other components of 
the synovial fluid, HA is crucial to the viscoelastic 
properties that allow the efficient movement of ar-
ticular joints30,31. In OA joint diseases, the concen-
tration and molecular weight of HA decrease and 
the synovial fluid becomes more abundant, less vis-
cous and reduced in elastoviscous properties that 
may culminate in a painful condition for the patient. 
Visco-supplementation normally consists of single 
or repeated injections of hyaluronan-based fluids, 
aimed to restore desirable viscoelastic behavior of 
the synovial fluid and thus to recreate the intra-ar-
ticular joint homeostasis. One of the most important 
drawbacks of HA and HA-based derivatives is the 
multiple injection therapy due to the enzymatic deg-
radation by hyaluronidases in the body. High mo-
lecular weight products and cross-linked hydrogels 
have been developed, but they are able to retard the 
hyaluronidases attack without preventing it.
The research of other polymers, typically poly-
saccharides, suitable for viscosupplementation en-
hances the possibility of hyaluronic acid substitu-
tion with other more abundant and cheaper 
biomaterials. Cellulose-based materials with differ-
ent structural, mechanical and functional properties 
have been proposed for several biomedical applica-
tions, ranging from tissue engineering to injectable 
systems32,33. Recently, a novel viscosupplement 
based on amidated carboxymethylcellulose (CMCA) 
has been developed by blending the soluble poly-
mer with its crosslinked hydrogel derivative in ap-
propriate proportions and concentrations in order to 
ensure an optimal combination of viscoelastic prop-
erties and flow behavior (injectability) together with 
an acceptable structural recovery after shear34.
The present work concerns the rheological 
monitoring of the crosslinking reaction performed 
at 25 °C by starting from aqueous CMCA solutions 
in order to describe the time evolution of the linear 
viscoelastic moduli occurring throughout the gela-
tion process and to individuate how the polymer 
concentration affects the mechanical response at the 
sol-gel transition and the fractal dimension of the 
incipient polymeric network. The analysis can also 
provide other important information from the appli-
cation point of view, i.e. an estimation of the reac-
tion times needed to obtain a sufficient crosslinking 
degree and the viscoelastic properties attainable in 
the final state at different polymer concentration in 
reacting CMCA solution.
Materials and methods
Materials
The raw material is sodium carboxymethylcel-
lulose (average molecular weight: 750 kDa, substi-
tution degree 0.8) (CP Kelko). This carboxymethyl-
cellulose (CMC) salt has good solubility in water, 
and so all the reactions were executed in this sol-
vent. The amidation was carried out in two steps: 1) 
carboxylate activation with NHS/EDC (N-Hydrox-
ysuccinimide purity >97 % (Sigma-Aldrich); 
N-(3-Dimethylaminopropyl)-N’-ethylcarbodiimide 
hydrochloride purity >99 % (Actim); 2) quick reac-
tion with Methylamine (40 % water solution, Sig-
ma-Aldrich), molar ratio of 1:1. The amidated CMC 
is then purified and crosslinked at four different 
polymer concentrations cp (1.0, 1.4, 1.6, 1.8 %wt), 
by using a NHS/EDC solution and 1,3 diaminepro-
pane (purity 99.0 %, Sigma-Aldrich) (molar ratio 
with the polymer 0.5:1) to obtain a crosslinking 
 degree of about 50 %. Due to the high molecular 
weight of the CMC, it is not possible to achieve a 
concentration in water greater than 2 %. The vis-
cosupplementation product blend has been devel-
oped in the manner described previously, using the 
specific amidated CMC polymer concentration of 
1.8 %.
Experimental procedure
The rheological monitoring of the crosslinking 
process was performed using a rotational controlled 
stress rheometer (Discovery HR-1, TA Instruments, 
UK), and a parallel plate geometry (crosshatched 
sur faces, diameter: 40 mm, gap greater than 
2.0 mm) with Peltier temperature control. The anal-
ysis was carried out at 25 ± 0.1 °C and a metal sol-
vent trap was used to prevent solvent (water) evap-
oration.
After the introduction of crosslinking compo-
nents, the solution was stirred mechanically for 30 
seconds, at room temperature (21 ± 1 °C) and then 
3 mL of the reacting polymer solution was loaded 
on the measuring device. The tests started 100–120 
seconds after crosslinking agent had been added to 
the polymer solution. A series of consecutive fre-
quency sweeps (logarithmic sequence of 10 increas-
ing values from 0.025 up to 25 Hz, time needed per 
sweep: 190 s) was carried out at constant stress am-
plitude (0.3 Pa) for prolonged time (more than 
10000 s).
Time-resolved mechanical spectroscopy (TRMS) 
allows a correct probing of the viscoelastic behavior 
of transient materials as long as the structural 
changes occur sufficiently slowly in comparison 
to the experimental time Dt, i.e. the period of the 
oscillatory shear. Accordingly, the shear stress re-
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sponse is almost sinusoidal during Dt and correct 
values of the viscoelastic moduli can still be evalu-
ated. According to the criterion suggested by Mours 
and Winter35, such a condition is largely satisfied in 
all our experimental tests, even at the lowest fre-
quencies, owing to very small values of the dimen-
sionless mutation numbers Nmu evaluated for both 
G' and G''36.
Data analysis
Isochronous mechanical spectra can be derived 
from the experimental data obtained from the 
TRMS tests, as illustrated later. Two linear visco-
elastic models were selected to describe the fre-
quency dependence of both moduli since they gen-
erally provide a satisfactory quality of fitting for 
both sol and gel behaviors. They are the generalized 
Maxwell model (gM) and the fractional Fried-
rich-Braun model (FB)37.
The gM model results from the parallel combi-
nation of N Maxwell elements and a purely elastic 
contribution. Accordingly, the frequency depen-
dence of both moduli is described by the following 
relationships:
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where Gi and λi are the relaxation modulus and the 
corresponding relaxation time of the ith Maxwell el-
ement, respectively, and Ge is the equilibrium mod-
ulus, representing the limiting value of the storage 
modulus for w 0. In our cases, it will serve to indi-
viduate the plateau modulus which appears at suffi-
ciently long process times in the G' profile. In order 
to reduce the correlation degree between the adjust-
able parameters, the minimization procedure was 
performed by adopting the following recurrent con-
straint for the relaxation times: λ i+1 = 10 λi. Actual-
ly, the mechanical spectra were described qualita-
tively well with five Maxwell elements, i.e. with 
seven adjustable parameters (Ge, Gi and λ1).
The traces of both moduli can be described, 
usually with an equivalent fitting quality, by the ex-
pressions derived from the FB model, which is 
based on fractional derivatives of stress and strain37:
 
 
 
 
(2'')
where l is a characteristic relaxation time, Ge is the 
equilibrium modulus, DG is a parameter which rules 
the magnitude of the fractional viscoelastic contri-
butions, while c and d are related to the fractional 
orders of the differential operators in the constitu-
tive equation. The FB model gives a parsimonious 
solution for data fitting since it allows achieving a 
satisfactory data correlation with only five adjust-
able parameters.
Results and discussion
The kinetics of the crosslinking process can be 
described with good accuracy by the time evolution 
of the linear viscoelastic moduli determined at the 
same frequency throughout the series of frequency 
sweeps. Similar profiles are displayed in a log-log 
graph, as it can be deduced from the examples re-
ported in Fig. 1, where the kinetics detected at two 
different polymer concentrations (1.0 % and 1.8 %) 
and frequencies (0.628 and 6.28 rad s–1) are com-
pared.
In almost all cases G' is initially lower than G'' 
and increases more rapidly in the following times, 
then passes through a crossover point (G' = G'') and 
eventually tends toward an asymptotic value which 
is slightly dependent on frequency. As the polymer 
concentration increases, the elastic character of the 
system becomes more and more important, so that 
the crossover condition is attained at higher G val-
ues and shorter times. The crossover time tcr is near-
ly independent of frequency for the 1.0 %wt sys-
tem, while it slightly decreases with increasing w at 
higher concentrations (see Table 1).
This means that, for these systems also, the 
crossover condition attained at an arbitrary frequen-
cy appears to be an improper criterion to define the 
sol-gel transition, even if it can provide an approxi-
mate evaluation of its time scale. Hereafter, we will 
examine these arguments in more detail.
As demonstrated in a study dedicated to the ki-
netics of high methoxyl pectin gelation38, the time 
evolution of both moduli at constant frequency can 
be described quite satisfactorily with the following 
sigmoidal expressions:
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G ∞ – G0 represents the total increase for each mod-
ulus throughout the structural process. The charac-
teristic time tc corresponds to the mean G value be-
tween the two extremes, whereas the exponent m 
measures the rate of modulus increase. At all fre-
quencies and concentrations the G' increase is char-
acterized by longer times tc and smaller exponents 
m in comparison to G'' (t'c/t''c = 2.6 ± 0.4, m'/m'' = 
0.9 ± 0.2). The individual values of the parameters 
(t'c , t''c , m', m'') obtained from data fitting are re-
ported in Appendix (see Table A).
The mechanical spectra derived from the initial 
and asymptotic values of both moduli can be used 
to illustrate the maximum change in the linear vis-
coelastic behavior occurring during the entire course 
of the crosslinking process, as well as to individuate 
the transition from sol to gel behavior of all the 
CMCA systems examined. Fig. 2 reports the initial 
and final mechanical spectra of the systems 1.0 % 
and 1.8 %, respectively. In both cases the final G' 
curve shows a plateau in the low frequency region, 
where the storage modulus tends toward an asymp-
totic value, the equilibrium modulus Ge which char-
acterizes the gel character of the CMCA system at 
the completion of the crosslinking process. Its value 
can be obtained from data fitting to the selected vis-
coelastic models with almost the same numerical 
results, as illustrated hereinafter. All these consider-
ations are obviously extended to the other two sys-
tems at intermediate concentrations.
Equation (3) can be profitably used to calculate 
the G' and G'' values at any time and frequency. 
Accordingly, the time evolution of the linear visco-
elastic behavior in the course of the crosslinking 
process can be analyzed more thoroughly by com-
paring the ‘isochronous’ mechanical spectra calcu-
lated from Eq. (3) with the generalized Maxwell 
model (gM) and the fractional Friedrich-Braun 
model (FB). Figs. 2a and 2b illustrate the good 
quality of data fitting with the FB model for the ini-
tial and final mechanical spectra of systems 1.0 %wt 
and 1.8 %wt, respectively. The generalized Max-
well model generally provides an equivalent quality 
of fitting for all the systems and process times con-
sidered. Fig. 3 reports the mechanical spectra of 
systems 1.4 %wt (a) and 1.6 %wt (b) calculated at 
different process times and shows the satisfactory 
data correlation obtained with the gM model.
In the case of the gM model, the transition to 
the gel behavior is highlighted by the appearance of 
a purely elastic contribution Ge beyond a critical gel 
time and by the parallel evolution of the relaxation 
time spectrum towards a wedge-box type, due to the 
(a) (b)
F i g .  1  – Time evolution of the viscoelastic moduli of systems 1.0 %wt (a) and 1.8 %wt (b) at two frequencies. Symbols: w = 0.628 
rad s–1 (triangles), w = 6.28 rad s–1 (circles); black (G'), white (G''). Lines in the figures represent the best fits of the experimental 
data obtained with Eq. (3).
Ta b l e  1  – Values of the crossover times tcr (in seconds) obtained from the time evolution of the viscoelastic moduli at different 
 frequencies and concentrations
c (%wt)
w (rad s–1)
62.8 31.4 15.7 6.28 3.14 1.57 0.628 0.314 0.157
1 2256 1195 1179 1222 1216 1217 1195 1186 1186
1.4 1006 1081 1107 1148 1162 1176 1190 1216
1.6 354 354 645 687 714 725 687
1.8 478 571 630 677 700 718
G'
, G
'' 
(P
a)
G'
, G
'' 
(P
a)
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increasing contribution of the longer relaxation 
modes (see Fig. 4). Such an evolution becomes less 
pronounced with increasing polymer concentration. 
The time evolution of Ge is quite similar for all the 
systems examined, so that the increasing profiles 
can be almost superimposed through a double shift-
ing along the two coordinate axes.
In the case of the fractional FB model, the in-
crease in the elastic character due to polymer cross-
linking is evidenced by the increasing profile of Ge 
vs t (quite similar to that obtained from gM model) 
accompanied by the increase in the relaxation time 
l. Moreover, the parallel decrease in parameters c 
and d, which are related to the fractional derivative 
orders of the model, gives a measure of the progres-
sive transition from viscous to elastic behavior.
Turning to crossover times, their frequency de-
pendence confirms that the criterion proposed by 
Tung and Dynes39 cannot be used to determine the 
gel point and other criteria must be invoked40. Ac-
cording to Winter and Chambon41–43, the sol-gel 
transition is derived from the common intersection 
of the tan d vs t curves calculated at different w. 
Correspondingly, the traces of both moduli are par-
allel straight lines in the log-log plot and display a 
power-law behavior over an extended frequency in-
terval (at least two or more decades). The critical 
gel state is characterized by the power law relax-
ation modulus:
 G (t) = St–n for t > l0,  0 < n < 1 (4)
where G(t) is the relaxation modulus, S is the 
strength of the critical gel network, n is the relax-
ation exponent and l0 is a lower cutoff time due to 
the glassy response or entanglement relaxation at 
small scales44. Thus, only two material parameters 
(a) (b)
F i g .  2 	–	 Mechanical	spectra	of	systems	1.0	%wt	(a)	and	1.8	%wt	(b)	in	the	initial	and	asymptotic	conditions.	Symbols:	for	t	→	0	
(triangles),	for	t	→	∞ (circles); black (G'), white (G''). Lines in the figures represent the best fits of the experimental data obtained 
with the FB model (Eqs. (2’) and (2’’)). The dotted lines individuate the frequencies used in the time series depicted in Fig.  1.
F i g .  3  – Mechanical spectra of systems 1.4 %wt (a) and 1.6 %wt (b) calculated at different process times (in seconds): 100 
 (diamonds), 1000 (triangles), 10000 (circles), black symbols (G'), grey symbols (G''). Lines in the figures represent the best fits of the 
experimental data obtained with the gM model (Eqs. (1') and (1'')).
(a) (b)
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, G
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are necessary to completely characterize the linear 
viscoelastic properties of the incipient gel during 
the crosslinking process. The storage and loss mod-
uli are obtained from the time-dependent modulus 
via a Fourier transform and, consequently, an anal-
ogous power law dependence between dynamic 
moduli and frequency is derived:
 / tan (1 ) cosnG' = G'' S n= Γ −d w d  (5)
where Γ(1  –  n) is the Legendre G function. The 
phase angle d between stress and strain is indepen-
dent of frequency and proportional to the relaxation 
exponent n:
 
tan / tan
2 2
n n
= or G'' G' =
p p
d d= ( )  (6)
The Winter-Chambon criterion is satisfied, as 
may be seen in Figs. 6 and 7. The curves of tan d 
show a common crossover point that marks the sol-
gel transition. Fig. 7a compares the mechanical 
spectra of the incipient gel at the different concen-
trations examined. Both the values and the relative 
distance of the two moduli increase, thus marking 
the increase in the elastic character of the system 
with increasing polymer concentration. Fig. 7b 
shows the corresponding exponential decrease in 
the loss tangent and the slight decrease in the cross-
over time tcr.
As polymer concentration increases, the gel 
stiffness S increases exponentially, while the scaling 
exponent n linearly decreases (see Fig. 8).
F i g .  4  – Time evolution of the gM parameters. a) Equilibri-
um modulus Ge vs process time at different CMCA concentra-
tions (1.0 %wt (circles), 1.4 %wt (diamonds), 1.6 %wt (trian-
gles), 1.8 %wt (squares); b) time relaxation spectra of systems 
1.0 %wt at different process times (in seconds): 200 (orange), 
400 (red), 800 (fuchsia), 1200 (violet), 3000 (light blue), 10000 
(dark blue); c) time relaxation spectra of systems 1.8 %wt at 
different process times (in seconds): 200 (orange), 400 (red), 
800 (fuchsia), 1200 (violet), 3000 (light blue), 10000 (dark 
blue).
(a)
(b)
(c)
(a)
(b)
F i g .  5  – Time evolution of the FB parameters for systems 1.0 
%wt (grey symbols) and 1.8 %wt (black symbols). a) Equilibri-
um modulus Ge (triangles) and modulus increment DG (cir-
cles); b) c (circles), d (diamonds) and l (triangles).
DG 1.0 %
DG 1.8 %
   Ge 1.0 %
   Ge 1.8 %
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The power-law dependence of the dynamic 
moduli at the gel point has led to theories suggest-
ing that the crosslinking clusters at the gel point are 
self-similar and may be described in terms of the 
fractal geometry in the length scales between the 
monomer size and the correlation length of connec-
tivity. Accordingly, the fractal dimension df rules 
the proportionality between the radius of gyration 
Rg and the mass M of the polymer cluster, i.e. 
Rg ∼ M
1/df. Several theoretical relationships between 
the relaxation exponent n and the fractal dimension 
df of the incipient gel network have been proposed 
45–47. 
Differences are mainly based on whether the ex-
cluded volume of the polymer chains is screened or 
unscreened near the gel point and polydispersity of 
crosslinked clusters is accounted for or not. For the 
case of both polydispersity and fully screened ex-
cluded volume effects47, the relaxation exponent n 
can be related to the fractal dimension, df, at the gel 
point by:
 
( 2 2 )
2( 2 )
f
f
D D d
n
D d
+ −
=
+ −
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where D is the space dimension (i.e., 3). Using this 
equation, df values were calculated for our systems. 
As polymer concentration increases from 1 to 1.8 %, 
the fractal dimension of the incipient gel linearly 
increases from 1.99 to 2.13, indicating increasing 
compactness of the polymer clusters (see Fig. 9). 
Indeed, all the systems evolve towards denser struc-
tures as crosslinking proceeds past the sol-gel tran-
sition.
A final consideration concerns the viscoelastic 
characteristics of the gelling systems when the 
crosslinking reaction is completed. Fig. 10 com-
F i g .  6  – Time evolution of the loss tangent at eight different 
frequencies (from 0.157 rad s–1 to 31.4 rad s–1) for system 1.0 
%wt and 1.8 %wt
(a)
(b)
F i g .  7  – a) Mechanical spectra at sol-gel transition. Sym-
bols: 1.0 %wt (circles), 1.4 %wt (triangles), 1.6 %wt (dia-
monds), and 1.8 %wt (squares); G' (black) G'' (grey) b) con-
centration dependence of the loss tangent and the crossover 
time tcr obtained from the application of the Winter-Chambon 
criterion.
F i g .  8  – Concentration dependence of scaling exponent n 
(diamonds) and gel strength S (circles)
F i g .  9  – Concentration dependence of fractal dimension df
w  (rad s–1)
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pares the GM parameters of the mechanical spectra 
derived from the asymptotic values, G'
∞
 and G''
∞
, 
calculated for all the systems., i.e. the equilibrium 
modulus Ge,∞ and the time relaxation spectra given 
by the Gi,∞– li,∞ relationships. Both diagrams high-
light the increasing elastic character of the gel struc-
ture in the final asymptotic state attained at the end 
of the crosslinking process for increasing concen-
tration.
Conclusions
The time evolution of the linear viscoelastic 
moduli in the course of the crosslinking process dis-
plays similar characteristics at different frequencies 
and different polymer concentrations of the reacting 
CMCA solution. An increase in polymer concentra-
tion implies more elastic character of the system, so 
that the crossover condition is attained at higher G 
values and shorter times. The sol-gel transition is 
determined with the Winter-Chambon criterion: 
such a condition shifts to slightly shorter times with 
increasing concentration, with linearly decreasing 
values of the power law relaxation exponent. Corre-
spondingly, the calculated fractal dimension df of 
the polymer clusters linearly increases from 1.99 to 
2.13, thus indicating that the compactness of the in-
cipient gel increases with increasing concentration. 
Similar df values and concentration effects have 
been observed for the critical high acyl gellan gel48. 
The viscoelastic behaviors of the gelling systems in 
their final asymptotic conditions are quite similar 
with increasing elastic character for increasing con-
centration.
(a)
(b)
F i g .  1 0  – Concentration dependence of gM parameters in 
the	final	asymptotic	condition	(for	t	→	∞).	a)	Equilibrium	mod-
ulus Ge b) time relaxation spectra Gi,∞–li,∞.
A p p e n d i x
Ta b l e  1A  – Values of the time tc and exponent m obtained from data fitting
tc' (s) w (rad s
–1)
cp (%wt) 62.8 31.4 15.7 6.28 3.14 1.57 0.628 0.314 0.157
1 3219 3117 3092 3268 3311 3473 3530 3499 3429
1.4 2050 2007 2101 2237 2348 2460 2582 2637 2650
1.6 1891 1806 1735 1830 1909 1997 2115 2192 2252
1.8 1718 1704 1723 1781 1847 1922 2028 2105 2172
tc'' (s) w (rad s
–1)
cp (%wt) 62.8 31.4 15.7 6.28 3.14 1.57 0.628 0.314 0.157
1 1448 1133 1081 1013 1062 1013 996 1000 1020
1.4 907 1023 1012 1049 1052 1086 1120 1153 1196
1.6 631 643 714 744 748 748 753 767 794
1.8 760 772 652 723 734 740 756 775 805
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m' (–) w (rad s–1)
cp (%wt) 62.8 31.4 15.7 6.28 3.14 1.57 0.628 0.314 0.157
1 4.06 2.11 1.98 2.03 2.16 2.28 2.53 2.80 3.14
1.4 1.89 2.05 2.27 2.24 2.35 2.49 2.76 3.05 3.46
1.6 3.20 2.29 1.97 2.00 2.04 2.10 2.22 2.35 2.53
1.8 2.25 2.13 2.04 2.04 2.07 2.12 2.23 2.35 2.52
m'' (–) w (rad s–1)
cp (%wt) 62.8 31.4 15.7 6.28 3.14 1.57 0.628 0.314 0.157
1 10.00 4.01 3.25 3.20 2.61 3.05 3.25 3.42 3.70
1.4 5.38 2.62 2.43 2.45 2.63 2.60 2.75 2.93 3.16
1.6 10.00 3.77 2.81 2.61 2.58 2.62 2.66 2.75 2.90
1.8 10.00 6.40 3.74 2.92 2.84 2.75 2.73 2.78 2.89
L i s t  o f  s y m b o l s
L a t i n
c, d – fractional exponents in Eqs. (2') and (2''), 
(–),(0 ≤ c ≤ d ≤ 1), corresponding to orders 
of the fractional derivatives in the consti-
tutive equation37
cp  – polymer concentration, %wt
D – space dimension, –
df – fractal dimension, –
G' – storage modulus, Pa
G'' – loss modulus, Pa
Ge – equilibrium modulus in Eqs. (1') and (2''), 
Pa
Ge,≈ – equilibrium modulus, Pa
Gi – relaxation modulus of the i
th Maxwell ele-
ment in Eqs. (1') and (1''), Pa
Gi,∞ – relaxation modulus of the i
th Maxwell ele-
ment in the asymptotic time relaxation 
spectrum (t → ∞), Pa
G0 – initial values (t = 0) of G' (G'0) and G'' 
(G''0) in Eq. (3), Pa
G
∞
 – asymptotic values (t → ∞) of G' (G'
∞
) and 
G'' (G''
∞
) in Eq. (3), Pa
G(t) – relaxation modulus in Eq. (4), Pa
m – exponent for G' (m') and G'' (m'') in Eq. 
(3), –
M – mass of the polymer cluster, Da
n – relaxation exponent in Eq. (4), –
N'mu, N''mu – dimensionless mutation numbers, (–), defi-
ned as 2 2,mu mu
G' G''N' N''
G' t G'' t
∂ ∂= =
∂ ∂
p p
w w
Rg – radius of gyration of the polymer cluster, 
nm
S – gel stiffness in Eq. (4), Pa sn
t – time, s
tc – characteristic times for the time evolution 
of G' (t'c) and G'' (t''c) in Eq. (3), s
tcr – crossover time, s
tan d – loss tangent, –
G r e e k
Γ(1  –  n) – Legendre G function in Eq. (5), –
d – phase angle between stress and strain, rad
DG – incremental modulus in Eqs. (2') and (2''), Pa
Dt – time period of the oscillatory shear, s, given 
by Dt = 2π/w
λ	 –	 characteristic relaxation time in Eqs. (2') and 
(2''), s
λi – relaxation time of the i
th Maxwell element in 
Eqs. (1') and (1''), s
λi,∞ – relaxation time of the i
th Maxwell element 
in the asymptotic time relaxation spectrum 
(t → ∞), s
λ0  – lower cutoff time for validity of Eq. (4), s
w – angular frequency, rad s–1
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